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Abstract

Convexity plays a crucial role in mathematical analysis, offering profound insights into the be-
havior of functions and geometric shapes. Fractional integral operators generalize the classical
concept of integration to non-integer orders. In this paper, we establish a new identity by us-
ing the Caputo-Fabrizio fractional integral operator. Then by using this new identity, we obtain
the corrected dual Simpson’s type inequalities for s—convex functions. By employing the well-
known integral inequalities such as the Holder’s inequality and power-mean inequality, we ob-
tain new error estimates. Furthermore, we discuss the applications to some special means and
quadrature formula.
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1 Introduction

Convexity is an efficient and useful way to obtain several problems from different branches
of science, many researchers have investigated Hermite-Hadamard [20] and Simpson’s-type in-
equalities [13] in the case of a convex function. Indeed, the connection between convexity and
integral inequalities has been a subject of significant research and has led to the development of
various papers exploring different aspects of convex functions. Akdemir et al. [3] employed a
new identity to show several novel integral inequalities for convex functions. Arslan etal. [16] es-
tablished several novel fractional Hermite-Hadamard and Simpson’s-type integral inequalities for
strongly (a, m)-convex functions utilizing Caputo-Fabrizio integrals operator. Zhang presented
an identical case in [25], as result of geometrically convex functions. Xi [24] obtained the Hermite-
Hadamard type inequalities for m and («, m)-convex functions. We start our work with the fol-
lowing basic definitions.

Definition 1.1. [15] A function f : I — R is said to be convex if,
SO+ (1= X)02) SAF (1) + (1= X) f(D2),
forall 91,95 € Iand X € [0, 1].
Definition 1.2. [14] A function f : I C R — Ry = [0, 00) is said to be s—convex if,
01+ (1= X)02) <A f (91) + (1= N)° f (92),

for some s € (0, 1] where 91,92 € I, X € [0, 1].

The theory of inequality, one of the cornerstones of mathematics, is used in many fields of
science. Midpoint-type and Trapezoid-type inequalities formed by the right and left sides of
Hermite-Hadamard-type inequalities, Simpson-type inequalities, and Bullen-type inequalities have
brought solutions to numerous important studies in the literature. The classical Hermite-Hadamard
and Simpson’s type inequalities are stated as follows [11],

01 + 0y 1 V2 S (1) + £ (02)
T P PR (D ES L)

Theorem 1.1. A function f : [¥1,92] — R be a four times continuously differentiable function on (91, 92)
and || f*]| _ = sup,c(g, v,) |[* (x)|, then the inequality as follows,

9 Ry
[éf(ﬁngf(ﬂl;%)+1f(192)— 1 /f(x)d$]SM||f4Hoo~

6 U2 =1 Jy, 2880

Recent years, numerous authors have focused on the generalization of Simpson’s type inequal-
ities in various kinds of mappings. Some mathematicians discussed the results related to Simp-
son’s and Newton’s type in order to obtain a convex map. In particular, Dragomir et al. [8] in-
troduced the most recent Simpson’s inequalities for convex function. Additionally, Alomari et
al. [4] established few Simpson’s type inequalities for s—convex functions. Sarikaya et al. [19]
identified the significance of the dependence of the variance of the Simpson’s type inequality on
convexity. Rashid et al. [2] presented some new Simpson’s inequalities for generalized p—convex
function on fractal sets. Fatih et al. [12] proved some fractional Simpson’s type inequalities for
twice differentiable functions using Riemann-Liouville fractional integral operator. Tariq et al.
[23] obtained Simpson’s-Mercer inequalities, including Atangana-Baleanu fractional operators.
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Nie et al. [17] discussed Simpson’s type integral inequalities for k—fractional integrals. Du et al.
[9] demonstrated the Simpson’s-like type inequalities using m—convexity. Furthermore, Abdel-
jawad et al. [1] derived the result general using (s, m)—convexity. Set et al. [22] presented the
Simpson’s-type inequalities for quasi convex functions. The Simpson’s-type inequality for gener-
alized convex functions was also established by Sarikaya et al. [18]. Butt et al. [5] proved some
Newton type inequalities and Hermite-Hadamard type inequalities [6]. The authors provided
the corrected dual-Simpson’s formula as follows [10],

2

fx)de =S (f)+ R(f),

U1

s = B () (P o (252) )

and R (f) show the associated approximation error. Fractional calculus has grown in popularity
and relevance over the last three decades, owing to its demonstrated applications in a wide range
of seemingly disparate domains of science and engineering. It does give some potentially valu-
able tools for solving differential and integral equations, a variety of other problems involving
mathematical physics special functions, and their extensions and generalizations in one or more
variables. The concept of fractional calculus is widely thought to have originated with a question
posed to Gottfried Wilhelm Leibniz (1646 — 1716) by Marquis de L'Hopital (1661 — 1704) in 1695,
in which he tried to understand the meaning of Leibniz’s notation dy" /dx" for the derivative of
order n = {0,1,2,...}, whenn = 1/2 (What if n = 1/2 ?). Leibniz replied to L'H6pital on 30
September 1695, with the following message: This is an apparent paradox from which, one day;,
useful consequences will be drawn. Researchers also focused on developing novel transformation
techniques that involved fractional operators, they introduced new operators with general and
strong kernels that different of locality and singularity, such as the Atangana—Baleanu, Modified
Riemann-Liouville, and the Caputo-Fabrizio. Many scholars have introduced several fractional
derivative and integral operators that have developed fractional analysis and demonstrated their
worth in numerous research domains and presented applications for fractional operators [21].

where

Definition 1.3. [7] Let H' (91, 92) be the Sobolev space of order one defined as,
H (01,02) = {g € L2 (01,02) : ¢’ € L2 (91, 92) }

where

2 = A I 19222’ 22 X0
L whﬁz){g().(/ﬁl g<>d> < }

Let f € H' (91,92), V1 < 92, a € [0, 1], then the notion of left derivative in the sense of Caputo—Fabrizio
is defined as,

—a(z—\)%
-«

(GFP Do f) () = @) [9 F e i,

T l-a L

where x > 11 and the associated integral operator is

CPrapy () = L2y @ :
(GE10) ) = G 1@+ 50 [ I
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where B (o)) > 0 is the normalization function satisfying 5(0) = B(1) = 1. For o = 0 and o = 1, the left
derivative is defined as follows, respectively,

(§EPDOf) () = f' (),
(§EPDYf) () = f(z) — f (¥1).

For the right derivative operator,

Y2 JRRYS
(§rP0es) @) = [T e an,

l-—a/,
where x < 95 and the associated integral operator is

l-«o
B ()
where B (a) > 0 is a normalization function that satisfies 8 (0) = (1) = 1.

(“FI5,6) (@) = f(@) +

In this study, we have introduced the notion of the corrected dual Simpson’s type inequalities
using Caputo—Fabrizio integrals operator. Firstly, we have established an integral identity that
includes the Caputo—Fabrizio integral operator. With the aid of this integral identity, some new
corrected dual Simpson’s type inequalities for s—convex functions are obtained. Lastly, a few
applications to special means and quadrature formula are provided.

2 Main Results

For the first time in the inequality theory literature, a corrected dual Simpson’s type inequalities
for Caputo—Fabrizio fractional integrals operator is given by the following lemma and this lemma
constitutes the main motivation of the study.

Lemma 2.1. Let f : I — R be a differentiable function on 1°, V1,92 € I° with 91 < 99, and
f' € Ly [91, 2], then the following equality holds,

f<3191+192>_f (191+192> f<791+3192)

: OM (s W+ (15,0 )] + 25w

v (255
L o) o259
el )
+/0 (A—l)f((l—A) (ﬁ123ﬂ2)+wz>w],

where B («) > 0 is the normalization function.
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Proof. Let

/Af(( )191+/\(3191:192>>d/\
L0 Do (o (252
f (e () o (22) e O
+/01(A—1)f’<(1—k)<1912%)+Az92>dA

=0+ 1L+ I3+ 14

Integration by parts, we have

N 301 + Uy
11=/0 Af((l—A)ﬁ1+A(4>>dA
1

391 + V2
192_191 )xf(( )191+)\(4>>

(2)
0
1
—792191/0 f((l—Ale(?’ﬁl:'%))dA

__ 4 301 + 0 I ! 30, + s

“ et (7 )‘%m/of(“”)ﬂl“(z;))“

4 W1+9;\ 16 o

_192—191f( 4 ) (192_191)2 9, f(u) du. (3)

Similarly, we get

12:/0 A—— f’( 3191+192>+/\<191;H92>>d)\
- 5w, (“ﬁf((l—» (22r)ea(® 1”?))

1
ﬂim/of(l”(wﬁ%) (3
—38 U1 + I % + 99
15(ﬁ24—ﬁ1)f 2 ) 1 ﬁ2 f'<
1
“atn f<<1—»<3ﬁ1”2> (4

. —8 ¥ + 99 3t + 99
1&%—0gf( 2 >+ f( )

9192
2

16
T a-wi) / f (w) du. .,
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)ra(2) o

(D) o (L2

4

1
2 P + U2 Y1 + 35
192-191< 15)f< )(* )“(4>)0
191""792 191+3192
1927191 ( >+>‘(4>>d)\
_ 1+3’l92 8 191+192
(192— 15(192_191
191+192 U1 + 30
192—191 ( )*A( >>

8

1 + 3’[92 _
192 - 191 15 (92 — 01)

(")

191+'a192

m

and we have

I4=/01<A—1>f’<<1—x>(

Y1492
2

Ui+ 302

f(u) du,

) + )\192) dA

4

:192191 (/\—1)f<(1—/\)(ﬁlz?ﬂ92>+wg>;
_1924191/01f<(1—k)(w>+wg>w

:1924191f<19123192)—1924191 /01f<(1—A) (19123192>+M92>d,\

:19241911‘(79123192)— - i6191)2 /:;%f(u)du. )
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Adding the equalities (1), (4), (5) and (6), we obtain

/0 Af (( )191+)\<3191;rﬂ2)>d)\ 7)
o o) (o () e (25))
+/01 <>\+125> f ((1)\) <191;192> +)\<191+43192)>d/\
+/01 A-1)f <(1)\)(19123192> +/\192) A

4 (30i+dx) 16 Llf”f( \a
=t 4 (95 —91)° Jo, e

-8 91 + 9 68 31 + U2
+15(192191)f( 2 )+15(192191)f( 1 >

91 +99

16 R 68 %1 + 39, 8 91 + 9
_(?92—191)2/31’1:*’2f()du+ (792—191f( 4 >_15(?92—191)f< 2 )

9143099

-z 9 9 J2
s LG duwﬂlf(l*“) o fo T

(02— 9)? 91402 (U2 — 4
. 128 f 391 + Yo _ f 191+192
15 (192 — 191) 4 792 - 191
128 %y + 3192) 16
+ —
15 (ﬂQﬂl)f( 4 (192—?91)2 U1 f( )
. ) (W —11)a . 2(1-a)
Multiplying the equality (7) with ——=———— and subtractin k), we get
plying the equality (7) 167 (a) & gy | Khwes

[/OlAf’<(1—A)ﬁ1+A<3ﬁ1:ﬁ2))dA
LR () (25 Jo
(o)l () (2 o

! / 91 + 30 (92— 0  2(1-a)
+/0(/\1)f<(1>\)< - )+w2>dxl e s ®

128 391+ 92\ (2 —th)’a 16 D1+ 02\ (02 —01)*
15 (99 — 191)f < 4 ) 163 (a) 15 (09 — 1) / ( 2 ) 163 ()
128 014305\ (92 —1)°a o [ 2(1—a)
e () e 5w AL TR
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8« 391 + s « U1 + V2 8« %1 + 395
:m(a)f( 1 )‘15/3<a>f< 2 )+15ﬁ(a)f< 1 )

k V2 —a
_ (a f (u)du _a a(;)f(k:)Jr S f(u)du— (1 )f(k)>

Ble) o B () Ji B (a)

B(
_ 15Z¢Ea)f (3012192) 15;(a)f (191 —gm) N 15?2@)][ (191 23192)
f)

- [(g1FIaf) (k) + (CFIﬁz k)]

Thus, we have

311 + Vs ¥ + 99 8 1 + 392
() () e ()

B m (71 )+ (7 I8,0) ()] + 2 (51@)&)

:(1921_6191)l/ol)\f’<(1—>\)191+/\(wlz%))d)\
+/01 (A—g>f’<(1—A)(3ﬁ1:02>ﬂ<ﬁ1;02>>w
+/01 <>\+ 125> f’((lA) (191;”92> +A(ﬁ123§2>>cﬂ
+/01(/\1)f’<(1>\) <0lz3ﬂ2)+m2>dxl.

This completes the proof. O

(k)

Theorem 2.1. Under the assumptions of Lemma 2.1. If | f'| is s—convex for some fixed s € (0, 1], then the
following inequality holds,

8 3 + 9 1 + 9 8 U1 + 302
() () e ()

G W ] + 2o w)
(V2 — 1)

< 4178 17415 x 2275 415 x 23725 43
—240(s+1)(s+2){( ot X |

x 3 (<1435 ) | (17 @) + 1 (92)]).
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Proof. By taking modulus in Lemma 2.1, and with the help of the s—convexity of | |, we get

8 301 + V2 91 + Vo 91 + 302
() - () e (M)

_m (G710 () + (715, 1) ()] + (51(;)@

o (252
+/01A—1g ’((1—)\)(31912_192>+)\<191;192>>’d>\
of el (o () e (252 ) o

(oo () ]

o)

)\-i-

(192_’91 [/01/\ ’(44 191+192>’d)\
+A( D (e
+/0( 2) ,(24)\1914_2—#)\192)’
+/ =N |f 1;A191+3“192>’ }

(
1 (22 1 o1+ (3) 15 w21
/01 G;‘A)((g;A)S'J"( o+ (252 17 @21) ax
/01(“125)<(2_A) o+ (22 15wl
- <1—A>(<T> 7 w1>|+(3*4*) ffwzﬂ)dk}

(192 _191) 1— 2+ 3+2
- 4175 17415 x 225 4 15 x 23425 _ 43
240(s+1)(s+2)[( o X |

x 31 4 (<1431 ) [ (17 00| + 17 02)] ).

1(
Sl

+
+

This completes the proof. O

Corollary 2.1. If we choose s = 1 in Theorem 2.1, we have

8 3t + 99 % + 99 8 %1 + 39,
5 () () e ()

s )

L 1T (02— 0y) (f’ W)l + 1S’ (%)) .

60 2

Theorem 2.2. Under the assumptions of Lemma 2.1. If | f'|? is s—convex for some fixed s € (0, 1] and
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q > 1, then the following inequality holds,

8 39 + 19 %1 + o %1 + 399
s () () ()

‘M [(GF10) )+ (CFI3,0) () | +

Ws—th) [ 1 \F[[fa=stiuxasN , o (47N o N\T
<G8 () |(S6 o+ (G5 o)

17p+1 2p+1 45 (725+1+35+1) , ; 4-5 (71+2s+1) , . %
()’ (( — >|f (0) +<(+1)> ’ <ﬁ2>|>
17p+1 2p+1 p 4-5 (_1+25+1) , q 45 (_23+1+3s+1) , v %
(T i) <<(+1)> 700 +< — >|f w2>|>

(o (S ) |

+

+

+
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Proof. By using the Holder’s inequality, and with the help of the s—convexity of |f’|?, we get

8 391 + o Y + s 8 ¥ + 35
() () s (M)

_W‘)ﬁ) [Grof) () + (713, ) (0] + =557 <’“)’

= {</ (L
(o))
()

+(/o o) ([
: m],

“(f pf“)p(

(o) (]
=(ﬁﬂ;§”[(AlufdA?p(Al((44A)Su%ﬁnP (3) v or )dA
(G ([ (2 o (2 ron))
S e i) o) (L (C2Y o (52 woar) o
e (2 )
)
)

A
191 + 4192>

1
+/\192

f/

4
— A 3+ A
f’( 1 91 + 1 192)

2
A
+15

q

;J;

1
7 d\

-

g () (v oo
< 25+1+3s+1)> P + ( (s1+4.12s+1 )lf/ >q

17p+1 2p+1

© o 1pptl

17p+1 2p+1 p(

T
+(Qﬁ;»u%mw+<4?;:f>fwmg1'

This completes the proof.

s+1 s (_os+1 s+1 %
2 )f%%ﬂ“+<4(2 3 )>uw%nﬂ

(s+1) (s+1)
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Corollary 2.2. If we choose s = 1 in Theorem 2.2, we have

8 3 + o 1 U1 + 99 8 U1 + 39,
5 () e () e ()

_a(g% (G717 7) () + (7 I3, 1) (B)] + 2 g@f” “”‘

<20 (pil); KW Ol +17 (192)|q>‘1‘ . (f’ ol + 717 <ﬁz>|q>3

i (17“115;1%); ((5|f’ " 4317 wzw)i . (3|f’ @ 4517 (%)q)i)] .

Theorem 2.3. Under the assumption of Lemma 2.1. If | f'|* is s—convex for some fixed s € (0,1] and
q > 1, then the following inequality holds,

8 3 + 9 % + Vo 8 %1 + 399
\wf( i )‘f( )i ()

CF ra CF 2(1-a)
192_,[91 [( I ( 1192 ) )] + 6(04)

f) (k
(192*191 4° 49+2 3L 5+S)) y q 47 / q ;
< { << (s+1)(s+2) ) @I+ <(5+2)> I7a)] )
3 s (= 2S+2 13 +5) + 35T (=11 4 17s)) y q
+(5 ) (( e >|f (1)

N <4 S (=49 — 17s + 2512 (7+5))> | (192)|q>q

o)

15(s+1) (s +2)

10\ "5 (47 (49— 1Ts + 272 (T4 ) ) L,
(%) (( BEFD 6+ )Wl)

45 (_23+2 (_13 4 S) + 3s+1 (—11 + 175)) ’ q %
+ ( 15(s+1)(s+2) >|f ) >

DV e (EE 3G 9) L
2) ((($+2))|f(191)|+< GTDGTD )If(%)l)

Q=

] |
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Proof. By using the power-mean inequality, and with the help of the s—convexity of | f’|%, we get

8 3 + Vs Y + 99 8 1 + 392
() - (M) s (M)

T W+ (T 0] + 2 )

(53 ) o
(r- e )
(b d) () s 20)) o
+(fw-na) ([ w-l < i”“))l
() (A7) e <zs ) o
G E( ) () )
([ Geg)e) (L OB () (*) o)) o
([oa) ([on((5) 'W( ) 1)) )
- [(3) (B oo+ (G o).
+ (;9))1; X ((4 A (151?;?)?53:)(_11 - 175))) |f" (00)|*

N <4 S (=49 — 17s + 2572 (T + S))> |f’ (192)|q> q

1

e () ()
—|—</01 )\—% d)\) <

/\_7

A+—

15(s+1)(s+2)

- 475 (49— 175+ 22 (T+9) ) L
" (( 15(s+1)(s+2) >|f (91)]

+
VS
w‘»—
©
N

—

Q=

+ HEEDICET)

(e (s
+(3) <(<s+ ) 1000+ ( G5 +2) >|f<ﬂz>|>].

This completes the proof. O

(43 (_25+2 (_13 + S) + gs+1 (—1]_ + 175))> |f/ (19 )q>é
2
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Corollary 2.3. If we choose s = 1 in Theorem 2.3, we have

8 391 + o 1 ¥ + V2 8 Y1 + 32
() () ()

_ B () CF ra CF ja 2(1—a)
() 0+ (1) )+ 2
< Wa=9) | (I @)+ W)Y | (1 @I+ 51 (92)]° :
- 16 12 12
L (19 [ (3001 @O+ 1561 @)Y | (1561 00)[" + 3001 (92)|" *
30 720 720 '
3 Application to Some Special Means
We shall consider the following special means:
(a) The arithmetic mean,
A= A1,0) = @, 91,9 € R.
(b) The logarithmic mean,
_ _Va—th
L—L(ﬁl,ﬁg) = 7111192*111191, 191,1926[R, 19175192.

(c) The generalized logarithmic-mean,

gr+l il
r+1) (Y2 — )
Proposition 3.1. Let ¥1,92 € R with 0 < ¥ < ¥, then we have

’1614 <(31912_192) ; (191 _Zgﬁz)) — A" (1917192) - 15LZ (1917192)

Lr = Lr (191,’192) = |:( :| , re IR\{—l,O}, 191,’192 S IR, ’191 7é 192.

< 17n (192 — 191)

< : [(191)““” + (192)““1)} .

Proof. The assertion follows from Corollary 2.1, using the function f (z) = 2" and o = 1,

pO)=p@1)=1

4 Application to Corrected Dual-Simpson’s Quadrature F ormula

33

Let Z is the partition of the points ¥ = 2o < x1 < 22 < ... < Tp_1 < &, = V2 of the interval

[¢1, ¥2], consider the quadrature formula,

V2

g fe)de =p(f, 2)+ R(f,Z),
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where

n—1
- o () s () o (22|

=0
and R (f, Z) show the associated approximation error.
Proposition4.1. Letn € fand f : [U1,02] — R beadifferentiable function on (91, V2) with 0 < 91 < 9

and f' € L' [91,92) . If | f| is s—convex on [91, V2] for some fixed s € (0, 1], then the following inequality
holds,

17 (@i — ) (If’ (z:)] + |f <xi+l>|)
. .

Proof. Applying the Corollary 2.1 on the subinterval [z;, ;41], (¢ =0,1,2,3,...,n — 1) of the par-
tition Z and a« = 1, 8 (0) = 5 (1) = 1, we have

1 3x; + it T+ Tig1 x; + 3741 1 Tit1
15<8f<4 >—f<2 )+8f< 1 ))—xiﬂ_xi/m f(z)dx
< 17 (i1 — @) (|f’ (z)| + ($i+1)|) .

(8)

- 60 2

Multiplying both sides above inequality (8) with (z;11 — x;) and then summing over i from 0 to
n — 1 and let that | f’| is s—conveXx, by the triangle inequality, we obtained the desired result. O

5 Conclusions

In this paper, we established new identity for the corrected dual Simpson’s type inequalities via
Caputo-Fabrizio fractional integral operator. With the help of new derived identity for Caputo—
Fabrizio fractional integral operator, the corrected dual Simpson’s type inequalities are obtained
for differentiable mapping whose absolute value are convex. These obtained inequalities will more
effective when apply to the error estimates of the quadrature formula, and to special means. These
findings may attract the intention of those researchers, who are working on fractional integral
operators. Our technique is also plausible to give extensions for other fractional integral operators,
e.g., k—Riemann-Liouville, Katugampola, conformable, and Atangana-Baleanu. Moreover, one
can also extend these results in quantum calculus by exhibiting our method of arrangements of
kernels for differentiable convex functions.
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